







































































Math2010 Week 11 If Hfia is positivedefinite
RHS 0 for all X t aSecondDerivativeTest

Last time Definiteness of gymmatrices
fix fla 0 for all Xtra andnear a

f has a local min at a
1hm If DEIR isopen f c IR is C proof is similarfor theothertwocases
AER is a criticalpoint ie FfCas O
ThenHffa is Geometrically

positivedefinite 7 a is a local min Hfca is positivedefinite

negativedefinite a is a local max leg f x4y atcool
indefinite a is a saddlepoint localmin

Ideaof Pf Taylor1hm Pfc a O Hfca is negativedefinite loco.atmax

For near a leg f E y at o.o

fix fla fix at HfCa x a










































































Saddle PfHfca is indefinite pt
eg f v ya ii let guys Ky MLyf Ax42BxytCy
at 10.01 case1 Ato

Next Determinedefiniteness of Hfca Aghg Ax't 2ABxytAcy's

For the simple case n z it can be
AttBy 1AC B

2
y

clearly
doneeasily by completing square gcx.gs o yay o.o AC B O A O

Thm let M L Be Then
9 t 0Why 00 AC B o Aso

gcx.gl changesigns AC 132 0
M is positivedefinite AC B O A 0

case1 A o AC B B so
M is negativedefinite AC B 0 At 0

guy zB y t Cy's y1213 1CyM is indefinite AC 1330
Clearlyg is neitherpositiveor negativedefinite

Rmk AC B detM and is indefinite Bt O AC 1540










































































1hm Second DerivativeTest Sol f is polynomial so isdifferentiableon1132

ARE 1122 isopen f c IR is C aer Ff Lf fy
Pflako Then Cox toy 12 tox 1 by 12

fxxfyyfxy.io fxx 0 at a a is a localmin yf f y 6k log12 0

fxxtyyfxy70 tn so at a a is a localmax 10X 1by 12 0

fxxtyy try so at a a is a saddlepoint KY III

fxxtyyfxy o at a inconclusive I.E is the onlycritical point

Rink f fyy fxj detHf
ttf ffffffgtyf f.IO f

For a can be localmath f fyy f j 65 1105 6440
or saddlept see e83 f 670

egtfix.gs 3 2 1oxy135 2 2513 By2ndderivativetest
Findandclassifycriticalpoints off II z is a saddlepoint










































































eg2 fangs 3x Xs 3xy 4 criticalpoints 10,1 1 III O

fry Gx 6gFindandclassifycriticalpoints f Hf
fy fogy by 6 1Sol f is a polynomial

so is differentiable on1122 Critical detHflas
point a Hfla fxia Natureofa

Ff Cf fy
f tyyfxy

3 3 2 3y Gary oil
O b 36 0 Noneed

Saddlepoint6 0 tocheck
7f O

y
33 308 0 co 1 Og f 36 0 Noneed Saddlepoint

6xy 0 to check

x O or y O 11,0 tff 36 o 6 0 localmax

Hx O 3 35 0 g II
6 O

Hy O 3 3 2 0 It tho
og 36 0 670 localmin










































































eg3 Inconclusivefrom 2ndderivativetest

flays x4y4 gary X y hlx.gl X y4

Tf 2x 4g 7g 2x 443 7h L2x 4yd

o.o is a critical point of f g h

Hf f Ij Hg fo Eg Hh losing
Hfco.O Hg10,0 f Hh10,0 too

Each Hessianmatrix has zero determinant at 10,0

2ndderivativetest is inconclusive

Rmk Clearlyfig h has local min saddlepointand local max at 10,0 respectively










































































Second DerivativeTest for general n Anotherwayto checkdefinitenessof Hflas
Let f REIR IR beCZ AER Ala5 0 LetHk bethe kbyKsubmatrix

fax fax txxn f tax txxk
Hf a fXzX fXia fraxn Hk fxzX fx x fx.tk

i
fxnx fXnXz fxnxn fxxx ftp.xsofxkxk

f is e Hfca is symmetric Bylinearalgebra Hfca is positivedefinite

orthogonal nxn matrixP i.e PTP_In set detHk O for K 1,2 in
Hfca is negativedefinite

PTHffa P
o defy so if K is odd

0 if K is even

wheredi are eigenvalues of Hfca Hence For n z
detH def fxx fxx

a.is
lIessitatiYedaeetIniitee a'I Yo detth detlfiff.gg fxxfyyfxy
indefinite SomeRi 0 someRj 0 Sameresult as before












































































Lagrange Multipliers Theorem LagrangeMultipliers

Find Extremaunderconstraints Let f g be C functions on REIR

estFind thepoint on the parabola S g c XER gars c

X 4g closest to II 2 Suppose a is a localextremism of f on S

Oglait 0
Then Ffl a APgca for some REIR

a
2

glad c
2
44 pmk is called LagrangeMultiplier

T let FIX a fix R gar c
U

Find minimum of fury x 114 y25
Then PFK a fig gas c

n components
under constraint gangs X 4y Op Findcriticalpt off y Find

criticalpet of 1
expressedas a levelset g O underconstraint g c withoutconstraint










































































Back to our example

y
K 1 2N

Minimize farg x 114ly25 ly 2 4h

Constraint gang X 4y O X 4y O

Sol X I xx x Il a I

f g are differentiable on 117 y 2 2X y 211 a

Tf L 21 1 Z y 2 x O X 8 0 x z

7g 2x 4 to on R2 y I I

Suppose ng is a localextremum Easyto check ix g 12,1 is a solution

of flags on gkly O
Geometrically f must have a min on g 0

Thenby Lagrange Multipliers ByLagrangeMultipliers only onept can bethatmin
THAY Apgar.gs for some

RER f has minimum at 12,1 on g Oglx.gs O










































































fcx.gs k Ift ly 25 directionof Tg 1 levelsetof g
guy x 4g

direction of Ff directionwhich f increasesmostrapidly

Of RPG
g o a g o

L f
increases

Ofa Effretmbuema oooo s

L f decreases d
noooo 2,1

L Of17g1
V

v










































































EX Find thepoint on the parabola X 4g closest to 12.5

fix y K 2ft ly 5
2

gang X 4g g o

Rink

Of RPG
g o

has solutions

a 2,5

4 4 l 2 l a14,4
r n s

globalmin Notlocalextremum

on g O on g O
I 2

L










































































92MaximizeXYZ on the ellipse LagrangeMultipliers

Ff Rpg
Y 2ax

X't 4g 4 2xy Say
g 4 44y 4Sol let fcx.yi

xygcx.gsx44y2 Case1 If g 0 then x 4

x 12 17 0 byNote f is continuous and the

ellipse 9 4 is closed andbounded
KY L12,01

Case2 If y10 thenBy EVT
f hasglobalmax and min on g 4

t 81 2yd 4ft x 2y

Tf y 2xy By by 4 y Fg

7g 2x 8g X 2y I x 11
Note 7g to on X44y 4 x g LIFE If










































































Comparingvalues of f at the 6points Rmk Wemay use another form of
found using Lagrange Multipliers LagrangeMultiplier

f ixg X y Let Fix y a fkeys dlgix.gs 4

fl 12,0 O Xy XCX445 4

ft Ff IE FI max PF y 2N 2xy Say x44y 4

y 2XX Ofl Fy 43 FI 3
min TF O my say 0

For fix.gs on g 4
X 145 4 0

Globalmaxvalue at Cfg 4
same system as before

Globalmin value at l Ff IE










































































Fr problems of findingmailman of To study f on 2A Hey ER X'tof I

f A IR LagrangeMultipliers can by LagrangeMultipliers

be used to study f on 2A Let gcx.gs X ty
Redo an examplebefore Pg 12K2g to on 2A gel

es Findglobalmaximinof Hg 09 III IfKeys Et 2y x 13 for Pty El x't ya I

Sol DomaineA cx.ysc.IR x4yae
4 2d y O
12 2 or g 0As found before f has only one By 2 1 4x By X Il

criticalpoint II o in intlA with
Xe Iz

f II O 4 By g IF2



Comparing the values of f at thesepoints

f II O 4
f I I Ez fl E Ez 214

f I O 3

f C l O 5

Hence Maxvalue 24 at f I I 52
Min value at E o4


